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Horospherical transform on a Riemannnian
symmetric space

Riemannian symmetric space: X = G/K ,
where G semisimple, K maximal compact subgroup

Horosphere: gN · K ⊂ X ,
where N unipotent radical of a minimal
parabolic subgroup P = MAN

Ξ = G/MN parameterizes the set of horospheres.
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Example: Upper sheet of the hyperboloid
G = SL(2,R),
K = SO(2),

P =

{(
a b
0 1

a

)
: a,b ∈ R,a 6= 0

}
N =

{(
1 x
0 1

)
: x ∈ R

}

〈η, x〉 = p,
with η 6= 0 in the
light cone
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Double fibration:

Z = G/M
ΠX
tt

ΠΞ

**
G/K = X Ξ = G/MN

Radon transforms

Rφ : Ξ 3 g ·MN 7→
∫

N
φ(gn · K ) dn

(
φ ∈ C∞c (X )

)

R∗ψ : X 3 g · K 7→
∫

K/M
ψ(gk ·MN) dk

(
ψ ∈ C∞(Ξ)

)
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Support theorem

Let φ ∈ C∞0 (X ), B ball in X

Support Theorem

supp(φ) ⊆ B =⇒ Rφ(ξ) = 0 for all ξ ∩ B = ∅
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Support theorem

Let φ ∈ C∞0 (X ), B ball in X

Support Theorem (Helgason, 1973)

supp(φ) ⊆ B ⇐⇒ Rφ(ξ) = 0 for all ξ ∩ B = ∅
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Horospherical transform for a reductive
symmetric space

Z
ΠX

ww
ΠΞ

''X Ξ

X : reductive symmetric space

Ξ: set of horospheres
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Reductive symmetric spaces
G reductive Lie group of the Harish-Chandra class

σ involution on G

H open subgroup of Gσ satisfying some technical
conditions

X = G/H reductive symmetric space
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Examples

G = SL(2,R)

σ = θ : g 7→ (gt )−1

K = SO(2)

σ :

(
a b
c d

)
7→
(

d c
b a

)
H = SO(1,1)
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Horospheres
θ Cartan involution commuting with σ
P minimal σ ◦ θ-stable parabolic subgroup
P = LPNP , Levi decomposition
NP unipotent radical of P.

Example
G = SL(2,R) and σ, θ as before

P =
{(a b

0 1
a

)
: a,b ∈ R,a 6= 0

}
, NP =

{(1 x
0 1

)
: x ∈ R

}
Horosphere
Orbit of a conjugate subgroup of NP of maximal
dimension (dim NP),
i.e., submanifold of the form g1NPg2 · x0 of max. dim.
(g1,2 ∈ G, x0 = e · H)
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Examples
Upper sheet of the hyperboloid

η in the forward light cone
〈η, x〉 = p
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Examples
Hyperboloid of one sheet

η in the forward light cone
〈η, x〉 = p
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Horospherical transform
Z = diag(G) · (x0, ξP) ' G/(LP ∩ H)

zz ((
G/H = X ΞP = G/(LP ∩ H)NP

x0 = e · H, ξP = e · (LP ∩ H)NP

Radon transforms
RP : C∞0 (X )→ C∞(ΞP)

RPφ(g · ξP) =

∫
NP

φ(gn · x0) dn

R∗P : C∞0 (ΞP)→ C∞(X )

R∗Pψ(g · x0) =

∫
H/(LP∩H)

ψ(gh · ξP) dh
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Polar decomposition
eigenspace decomposition for θ: g = k⊕ p
eigenspace decomposition for σ: g = h⊕ q

Let aq = Z
(
Lie(LP)

)
∩ p ∩ q

The maps

K × aq → X ; (k ,Y ) 7→ k exp(Y ) · x0,

K × aq → ΞP ; (k ,Y ) 7→ k exp(Y ) · ξP

are surjective

For B ⊆ aq, define

X (B) = K exp(B) · x0, ΞP(B) = K exp(B) · ξP .

Example

K = SO(2), aq =
{( t 0

0 −t

)
: t ∈ R

}
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Support of a transformed function
Let B ⊂ aq convex, compact

φ ∈ C∞0 (X ) s.t. supp(φ) ⊆ X (B)

exp
(

t 0
0 −t

)
· ξP
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Cones

Let

Σ+ = Σ+(aq; P)

Σ+
− = Σ+

−(aq; P) = {α ∈ Σ+(aq; P) : (1− σ ◦ θ)gα 6= 0}.

Definition

Γ−P =
∑

α∈Σ+
−
R≥0Hα, ΓP =

∑
α∈Σ+ R≥0Hα

N.B.: If X is a Riemannian symmetric space, then Γ−P = 0.
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Support

Support of a transformed function
Let B ⊂ aq convex, compact, φ ∈ C∞0 (X ).

If supp(φ) ⊆ X (B), then supp(RPφ) ⊆ ΞP(B + Γ−P ).

Support theorem
Partial converse
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Support

Support of a transformed function
Let B ⊂ aq convex, compact, φ ∈ C∞0 (X ).

If supp(φ) ⊆ X (B), then supp(RPφ) ⊆ ΞP(B + Γ−P ).

Support theorem
Let B ⊂ aq convex, compact, φ ∈ C∞0 (X ).

If supp(RPφ) ⊆ ΞP(B + ΓP), then supp(φ) ⊆ X (C),

where C =
⋂

k∈NK∩H (aq)

k · (B + ΓP)

Generalization of the support theorem of Helgason (1973)

Implies injectivity of RP
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Sketch of the proof

Relation to unnormalized Fourier transform Fun
X :

pr1 Fun
X ∼ Fcpt .hom. ◦ Faq ◦ RP

Paley-Wiener estimate for pr1 Fun
X

Paley-Wiener estimate for 1 component of the normalized
Fourier transform

Inversion formula

Equivariance
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Happy Birthday!
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