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Classical Learning vs Deep Learning

DiagnosisClassical machine learning
Deep learning 

(no feature engineering)

Feature
Engineering

Esteva et al, Nature Medicine, (2019)



Deep Learning Era in Medical Imaging
Diabetic eye diagnosis

Gulshan, V. et al. JAMA (2016)

Skin Cancer diagnosis

Esteva et al, Nature (2017)

OCT  diagnosis

De Fauw et al,  Nature Medicine (2018) Figure courtesy of X. Cao & D. Shen 

Image registration

Image segmentation

Ronneberger et al, MICCAI, 2015



Deep Learning for Inverse Problems

Diagnosis
Diagnosis & analysis

Focus of  this talk:  Reconstruction
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Wavelet
transform

level 2level 1 level 3 level 4

Wavelet
recomposition

+

Residual learning
: Low-resolution image bypass

High SNR band

CNN

(Kang, et al,  Medical Physics 44(10))



Full dose Quarter dose



Full dose Ours from Quarter dose



Ours

(Kang et al, TMI, 2018)



Ours

(Kang et al, TMI, 2018)
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(Kang et al, TMI, 2018)







Figures from internet

Extreme Sparse View CT

Stationary CT Carry on baggage scanner

Han et al,  arXiv preprint arXiv:1712.10248, (2017); CT Meeting (2017)



Source/detector configuration

Han et al,  arXiv preprint arXiv:1712.10248, (2017); CT Meeting (2017)



1st view 2nd view 3rd view

4th view 5th view 6th view

7th view 8th view 9th view
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TV



Deep Learning
Han et al, CT meetings, 2018





Why so popular this time ?

q Accuracy: high quality recon > CS
q Fast reconstruction time 
q Business model: vendor-driven training
q Interpretable models
q Flexibility:  more than  recon

Imaging time Reconstruction time

Conventional

Compressed Sensing

Machine Learning



WHY DEEP LEARNING WORKS 
FOR RECON ? 
DOES IT CREATE ANY ARTIFICIAL 
FEATURES ?



Ye et al,  SIAM J. Imaging Sciences, 2018;   Ye et al,  ICML, 2019

Understanding Geometry of  CNN



CNN

Encoder-Decoder CNN for Inverse Problems



CNN

Encoder-Decoder CNN for Inverse Problems



CNN

Successful applications to various inverse problems

Encoder-Decoder CNN for Inverse Problems



Why Same Architecture Works 
for Different Inverse Problems ?



Classical Methods for Inverse Problems

Synthesis 
frame

Analysis frame

coefficients

Step 1:   Signal Representation

x =
X

i

hbi, xib̃i
<latexit sha1_base64="1xOFabKTay95z7c6ZUXCSJWXZAE=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQkZKooBuh4MZlC/YBTQiTyaQdOpmEmYm0hIKf4MZfceNCEbdu3Pk3TpMutPXAhTPn3Mvce/yEUaks69soLS2vrK6V1ysbm1vbO+buXlvGqcCkhWMWi66PJGGUk5aiipFuIgiKfEY6/vBm6nfuiZA05ndqnBA3Qn1OQ4qR0pJnnoyuHZlGHoXQYYj3GYG+R0/hyBHFy1GUBbnomVWrZuWAi8SekSqYoeGZX04Q4zQiXGGGpOzZVqLcDAlFMSOTipNKkiA8RH3S05SjiEg3y2+awCOtBDCMhS6uYK7+nshQJOU48nVnhNRAzntT8T+vl6rwys0oT1JFOC4+ClMGVQynAcGACoIVG2uCsKB6V4gHSCCsdIwVHYI9f/IiaZ/V7POa1byo1psPRRxlcAAOwTGwwSWog1vQAC2AwSN4Bq/gzXgyXox346NoLRmzCPfBHxifP6mnndg=</latexit>



Eg. Compressed
Sensing

Classical Methods for Inverse Problems
Step 2:   Basis Search by Optimization

x =
X

i

b̃ihbi, xi
<latexit sha1_base64="dRyoeK2luEuIb3X8ywuvlvflFPU=">AAACEnicbZBNS8MwGMdTX+d8q3r0EhyCgoxWBb0IQy8eJ7gXWEtJ03QLS9OSpLJR9hm8+FW8eFDEqydvfhvTrgfd/EPgl//zPCTP308Ylcqyvo2FxaXlldXKWnV9Y3Nr29zZbcs4FZi0cMxi0fWRJIxy0lJUMdJNBEGRz0jHH97k9c4DEZLG/F6NE+JGqM9pSDFS2vLM49GVI9PIo9BRlAUE+jkyxPus4BM4ckRx88yaVbcKwXmwS6iBUk3P/HKCGKcR4QozJGXPthLlZkgoihmZVJ1UkgThIeqTnkaOIiLdrFhpAg+1E8AwFvpwBQv390SGIinHka87I6QGcraWm//VeqkKL92M8iRVhOPpQ2HKoIphng8MqCBYsbEGhAXVf4V4gATCSqdY1SHYsyvPQ/u0bp/VrbvzWuO6jKMC9sEBOAI2uAANcAuaoAUweATP4BW8GU/Gi/FufExbF4xyZg/8kfH5AyCNnR8=</latexit>



Why do They Look so Different ?
Any Link between Them ?



Our Theoretical Findings

y =
X

i

hbi(x), xib̃i(x)
<latexit sha1_base64="DaaFmbtzayW3V2tBvW3rbADydJY=">AAACGXicbZDLSsNAFIYnXmu9RV26GSxCBSmJCroRim5cVrAXaEKYTCbt0MkkzEykIfQ13Pgqblwo4lJXvo3TNoK2/jDw851zOHN+P2FUKsv6MhYWl5ZXVktr5fWNza1tc2e3JeNUYNLEMYtFx0eSMMpJU1HFSCcRBEU+I21/cD2ut++JkDTmdypLiBuhHqchxUhp5JlWdunINPIohA5DvMcI9D1aHR4dw6EjpsBRlAU/3DMrVs2aCM4buzAVUKjhmR9OEOM0IlxhhqTs2lai3BwJRTEjo7KTSpIgPEA90tWWo4hIN59cNoKHmgQwjIV+XMEJ/T2Ro0jKLPJ1Z4RUX87WxvC/WjdV4YWbU56kinA8XRSmDKoYjmOCARUEK5Zpg7Cg+q8Q95FAWOkwyzoEe/bkedM6qdmnNev2rFK/KuIogX1wAKrABuegDm5AAzQBBg/gCbyAV+PReDbejPdp64JRzOyBPzI+vwEaXJ8Y</latexit>

Ye et al,  SIIMS, 2018;   Ye et al,  ICML, 2019



y =
X
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hbi(x), xib̃i(x)
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Our Theoretical Findings
Ye et al,  SIIMS, 2018;   Ye et al,  ICML, 2019
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Our Theoretical Findings
Ye et al,  SIIMS, 2018;   Ye et al,  ICML, 2019



analysis basis

y =
X

i

hbi(x), xib̃i(x)
<latexit sha1_base64="DaaFmbtzayW3V2tBvW3rbADydJY=">AAACGXicbZDLSsNAFIYnXmu9RV26GSxCBSmJCroRim5cVrAXaEKYTCbt0MkkzEykIfQ13Pgqblwo4lJXvo3TNoK2/jDw851zOHN+P2FUKsv6MhYWl5ZXVktr5fWNza1tc2e3JeNUYNLEMYtFx0eSMMpJU1HFSCcRBEU+I21/cD2ut++JkDTmdypLiBuhHqchxUhp5JlWdunINPIohA5DvMcI9D1aHR4dw6EjpsBRlAU/3DMrVs2aCM4buzAVUKjhmR9OEOM0IlxhhqTs2lai3BwJRTEjo7KTSpIgPEA90tWWo4hIN59cNoKHmgQwjIV+XMEJ/T2Ro0jKLPJ1Z4RUX87WxvC/WjdV4YWbU56kinA8XRSmDKoYjmOCARUEK5Zpg7Cg+q8Q95FAWOkwyzoEe/bkedM6qdmnNev2rFK/KuIogX1wAKrABuegDm5AAzQBBg/gCbyAV+PReDbejPdp64JRzOyBPzI+vwEaXJ8Y</latexit>

Encoder

Our Theoretical Findings
Ye et al,  SIIMS, 2018;   Ye et al,  ICML, 2019



analysis basis synthesis basis

y =
X

i

hbi(x), xib̃i(x)
<latexit sha1_base64="DaaFmbtzayW3V2tBvW3rbADydJY=">AAACGXicbZDLSsNAFIYnXmu9RV26GSxCBSmJCroRim5cVrAXaEKYTCbt0MkkzEykIfQ13Pgqblwo4lJXvo3TNoK2/jDw851zOHN+P2FUKsv6MhYWl5ZXVktr5fWNza1tc2e3JeNUYNLEMYtFx0eSMMpJU1HFSCcRBEU+I21/cD2ut++JkDTmdypLiBuhHqchxUhp5JlWdunINPIohA5DvMcI9D1aHR4dw6EjpsBRlAU/3DMrVs2aCM4buzAVUKjhmR9OEOM0IlxhhqTs2lai3BwJRTEjo7KTSpIgPEA90tWWo4hIN59cNoKHmgQwjIV+XMEJ/T2Ro0jKLPJ1Z4RUX87WxvC/WjdV4YWbU56kinA8XRSmDKoYjmOCARUEK5Zpg7Cg+q8Q95FAWOkwyzoEe/bkedM6qdmnNev2rFK/KuIogX1wAKrABuegDm5AAzQBBg/gCbyAV+PReDbejPdp64JRzOyBPzI+vwEaXJ8Y</latexit>

Encoder Decoder

Our Theoretical Findings
Ye et al,  SIIMS, 2018;   Ye et al,  ICML, 2019



Linear Encoder-Decoder (ED) CNN

Learned filters

y = B̃B>x =
X

i

hx, biib̃i
<latexit sha1_base64="bo3reUJLRRRgiLys4OrWvNpVArY=">AAACJ3icbVBNSwMxEM36bf2qevQSLIIHKbsq6KUievGoaK3QrSWbzrah2eySzIpl8d948a94EVREj/4T03YP2joQePPePCbzgkQKg6775UxMTk3PzM7NFxYWl5ZXiqtr1yZONYcqj2WsbwJmQAoFVRQo4SbRwKJAQi3onvb12h1oI2J1hb0EGhFrKxEKztBSzeJRr+KjkC2gJ/Tk1sc4ofe0Qn2TRk1BfclUWwK936FBv9XDNndYqlksuWV3UHQceDkokbzOm8VXvxXzNAKFXDJj6p6bYCNjGgWX8FDwUwMJ413WhrqFikVgGtngzge6ZZkWDWNtn0I6YH87MhYZ04sCOxkx7JhRrU/+p9VTDA8bmVBJiqD4cFGYSoox7YdGW0IDR9mzgHEt7F8p7zDNONpoCzYEb/TkcXC9W/b2yu7Ffun4Mo9jjmyQTbJNPHJAjskZOSdVwskjeSZv5N15cl6cD+dzODrh5J518qec7x9ZY6R3</latexit>

pooling un-pooling



Linear E-D CNN w/ Skipped Connection

more redundant expression

Learned filters

y = B̃B>x =
X

i

hx, biib̃i
<latexit sha1_base64="bo3reUJLRRRgiLys4OrWvNpVArY=">AAACJ3icbVBNSwMxEM36bf2qevQSLIIHKbsq6KUievGoaK3QrSWbzrah2eySzIpl8d948a94EVREj/4T03YP2joQePPePCbzgkQKg6775UxMTk3PzM7NFxYWl5ZXiqtr1yZONYcqj2WsbwJmQAoFVRQo4SbRwKJAQi3onvb12h1oI2J1hb0EGhFrKxEKztBSzeJRr+KjkC2gJ/Tk1sc4ofe0Qn2TRk1BfclUWwK936FBv9XDNndYqlksuWV3UHQceDkokbzOm8VXvxXzNAKFXDJj6p6bYCNjGgWX8FDwUwMJ413WhrqFikVgGtngzge6ZZkWDWNtn0I6YH87MhYZ04sCOxkx7JhRrU/+p9VTDA8bmVBJiqD4cFGYSoox7YdGW0IDR9mzgHEt7F8p7zDNONpoCzYEb/TkcXC9W/b2yu7Ffun4Mo9jjmyQTbJNPHJAjskZOSdVwskjeSZv5N15cl6cD+dzODrh5J518qec7x9ZY6R3</latexit>



Deep Convolutional Framelets

x = B̃B>x =
X

i

hx, biib̃i
<latexit sha1_base64="9EuOyjKGC2x9hAgBpajvIdywLlA=">AAACJ3icbVBNSwMxEM36bf2qevQSLIIHKbsq6EWRevGoaK3QXZdsOq2h2eySzEpL6b/x4l/xIqiIHv0npu0etDoQePPePCbzolQKg6776UxMTk3PzM7NFxYWl5ZXiqtr1ybJNIcqT2SibyJmQAoFVRQo4SbVwOJIQi1qnw702j1oIxJ1hd0Ugpi1lGgKztBSYfG4c+SjkA2gFVq59TFJaYceUd9kcSioL5lqSaCdHRoNWj1qc4elwmLJLbvDon+Bl4MSyes8LL74jYRnMSjkkhlT99wUgx7TKLiEfsHPDKSMt1kL6hYqFoMJesM7+3TLMg3aTLR9CumQ/enosdiYbhzZyZjhnRnXBuR/Wj3D5mHQEyrNEBQfLWpmkmJCB6HRhtDAUXYtYFwL+1fK75hmHG20BRuCN37yX3C9W/b2yu7FfunkMo9jjmyQTbJNPHJATsgZOSdVwskDeSKv5M15dJ6dd+djNDrh5J518qucr29XoqR2</latexit>

Perfect reconstruction

Ye et al, SIIMS 2018;  Ye et al, ICML 2019

Frame conditions

w skipped connection

w/o skipped connection



Deep Convolutional Framelets

x = B̃B>x =
X

i

hx, biib̃i
<latexit sha1_base64="9EuOyjKGC2x9hAgBpajvIdywLlA=">AAACJ3icbVBNSwMxEM36bf2qevQSLIIHKbsq6EWRevGoaK3QXZdsOq2h2eySzEpL6b/x4l/xIqiIHv0npu0etDoQePPePCbzolQKg6776UxMTk3PzM7NFxYWl5ZXiqtr1ybJNIcqT2SibyJmQAoFVRQo4SbVwOJIQi1qnw702j1oIxJ1hd0Ugpi1lGgKztBSYfG4c+SjkA2gFVq59TFJaYceUd9kcSioL5lqSaCdHRoNWj1qc4elwmLJLbvDon+Bl4MSyes8LL74jYRnMSjkkhlT99wUgx7TKLiEfsHPDKSMt1kL6hYqFoMJesM7+3TLMg3aTLR9CumQ/enosdiYbhzZyZjhnRnXBuR/Wj3D5mHQEyrNEBQfLWpmkmJCB6HRhtDAUXYtYFwL+1fK75hmHG20BRuCN37yX3C9W/b2yu7FfunkMo9jjmyQTbJNPHJATsgZOSdVwskDeSKv5M15dJ6dd+djNDrh5J518qucr29XoqR2</latexit>

Perfect reconstruction

Ye et al, SIAM J. Imaging Science, 2018

Frame conditions

w skipped connection

w/o skipped connection



Role of  ReLUs? 
Generator for Multiple Expressions

y = B̃(x)B(x)>x =
X

i

hx, bi(x)ib̃i(x)
<latexit sha1_base64="T/1m1u26m8O8vLHErH3u6EKQhAM="></latexit>

⌃l(x) =

2

6664

�1 0 · · · 0
0 �2 · · · 0
...

...
. . .

...
0 0 · · · �ml

3

7775

<latexit sha1_base64="1HHS4n8UkvGQcnzeL2YdPrnnXeg="></latexit>

Input  dependent {0,1} matrix

--> Input adaptivity



Input Space Partitioning for Multiple Expressions



Input Space Partitioning for Multiple Expressions

A CNN performs automatic assignment of  
distinct linear representation depending on 

input



Expressivity of  E-D CNN
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Expressivity of  E-D CNN

#
o

f 
re

p
re

se
n

ta
ti

o
n

# of  network elements

# of channel

Network depth

Skipped connection



Lipschitz Continuity

K = max
p

Kp, Kp = kB̃(zp)B(zp)
>k2

<latexit sha1_base64="zV0QFc8bcwR20HLOVcDQeQMOtmY="></latexit>

z1
<latexit sha1_base64="Ob3+IEXFhF5uWyRIGKNYQ89lNRY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbTbt0swm7E6GG/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+86t5dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEPZo2k</latexit>

zp
<latexit sha1_base64="Q3WIlMLDjf+qfP58xUVUuKL5KD4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G6GG/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+olvXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+86t5dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AFu4o3j</latexit>

Related to the generalizability

Dependent on 

the Local Lipschitz



Benign Optimization Landscape

full-ra
nk condition

Independent
features

Nguyen, et al, ICML, 2018



Benign Optimization Landscape

full-ra
nk condition

Independent
features

Independent
features full-rank  condition

Nguyen, et al, ICML, 2018

Ye et al, ICML, 2019



Regularized Recon vs. Deep Recon

DiagnosisClassical Regularized Recon

(basis engineering)

Deep Recon
(no basis engineering)

Basis
Engineering



Summary

• Deep learning  is a novel signal representation using 
combinatorial framelets 

• ReLUs generate multiple linear representation by partitioning 
the input space

• Local Lipschitz controls the global Liptschiz continuity

• Skipped connection improves the optimization landscape

• Black-box nature of  neural networks have been being 
unveiled.
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