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Motivation

Optical microscopy of trapped objects

Trapping is a tool for holding and moving microscopic particles in a contact-free and
non-invasive manner.

Acoustic Trapping

Thalhammer, Steiger, Meinschad, Hill, Bernet, and Ritsch-Marte “Combined acoustic and optical trapping” 2011
Courtesy of Mia Kvile Lgvmo and Benedikt Pressl
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Motivation

Relation to single particle cryo-electron microscopy

Electron Beam
(low dose)

Specimen

(frozen, cryo= very cold)

l l l l l X-Ray Transform
B & 2D Projecti
Projecton

Electron microscopy of a large number of identical particles

Particles are in random positions
Imaging directions are unknown

Specimen itself is unknown as well

Orientation reconstruction via common line method

Heel “Angular reconstitution: A posteriori assignment of projection directions for 3D reconstruction™ 1987

Goncharov “Methods of integral geometry and recovering a function with compact support from its projections in unknown directions” 1988
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Assumptions

Bounded object in R?
Characterised by an attenuation coefficient u € C(R*; R)
supp(u) # 0 is compact

Center of u

R xu(x 3
Cs o= fmu(x)de[ (¥ dxe R

@ Continuous rigid motion
A(t,x) =C3+R(t)(x — C3+ T(7))

R € C(R;S0(3)) ... rotation
T € C(R;R?). .. translation

Object is illuminated from the e3-direction with a uniform intensity

Light moves along straight lines and only suffers from attenuation

-hmutz (University of 2 3D Motion Reconstruction from Projection Data



Mathematical Model

Measurements

Hiumination

Attenuation projection mappings J

oo

(T,R) > JIT,R)(t,x1,3) = / u(A(t, ) drs

—o0
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Mathematical Model

Measurements

Hiumination

Attenuation projection mappings J

(T,R) — JIT, R)(t,x1,3) = /OO u(Cy + R (x — s + T(1))) drs

3D Motion Reconstruction from Proj



Mathematical Model

Measurements

llumination

Attenuation projection mappings ./

(T’R) = j[TaR](tvxlv)CZ)

Goal
Reconstruction of R(#) and 7(¢) from collected data of J[T, R](t,x1, x2).

Elbau, Ritsch-Marte, Scherzer, and Schmutz Inverse Problems of Trapped Objects 2019
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Mathematical Model

Formulation in Fourier space

@ n-dimensional Fourier transform
0 = @n) [ e ar
]R'l

@ Orthogonal projection P : R* — R?, Px = ()
o Its adjoint P’ : R* — R*, Pk = (§)

Natterer The math ics of computerized hy 2001
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Lemma 1
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Mathematical Model

Formulation in Fourier space

@ n-dimensional Fourier transform
0 = @n) [ e ar
Re
e Orthogonal projection P : R* — R* Px = (}})
o Its adjoint P’ : R* — R*, Pk = (§)
Lemma 1

Letu € C.(R*R) and J[R, T] be the attenuation mapping of a rigid body motion (R, T).
Then, the following identity holds:

FlTIT, R]] = V2r Fa[u) (R() Pk) & {ROP KCs) ik PT(O=C3))

o Similar to the projection-slice theorem

Natterer The mathematics of computerized phy 2001
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Motion Estimation

© Motion Estimation
@ Reconstruction of the translation
@ Reduced attenuation maps
@ Reconstruction of the rotation
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Motion Estimation

Reconstruction of the translation 7

o It is not possible to reconstruct the translation along the e3-direction. For p € C(R; R) it
holds that
j[TvR] = j[T+ p€3,R]‘
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Reconstruction of the translation 7

o It is not possible to reconstruct the translation along the e3-direction. For p € C(R; R) it
holds that
j[TvR] = j[T+ p€3,R]‘

@ Let C»(1) be the center of the attenuation mapping at time ¢

CZ(t) m/ )JTR(tx)dx
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@ Let C»(1) be the center of the attenuation mapping at time ¢

Ca(r) = m/ 1) T[T, R](1, x) dx.

Proposition 1

Letu € C.(R* R) and J be the attenuation mapping of a rigid motion of u. Then,
P(C; —T(1) = Ca(t)

for every T € C(R; R?),R € C(R;SO(3)),t € R.

Denise Schmutz (University of Vienna) 3D Motion Reconstruction from Projection Data
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Reconstruction of the translation 7

o It is not possible to reconstruct the translation along the e3-direction. For p € C(R; R) it
holds that
j[TvR] = j[T+ p€3,R]‘

@ Let C»(1) be the center of the attenuation mapping at time ¢

Ca(r) = m/ 1) T[T, R](1, x) dx.

Proposition 1

Letu € C.(R* R) and J be the attenuation mapping of a rigid motion of u. Then,
P(C; —T(1) = Ca(t)

for every T € C(R; R?),R € C(R;SO(3)),t € R.

o If we start the motion at time # = 0 with the normalisaton 7(0) = 0, we have

P(T(1)) = C2(0) — Ca(2)
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Reduced attenuation map

@ From Lemma 1
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Schmutz (University of Vienna) 3D Motion Recon:



Motion Estimation

Reduced attenuation map

@ From Lemma 1

Fol T[T, R)) = V2 Fa[u](R(1)PTk) & (ROF kC) githF (1) =C))

@ From Proposition 1

P(C3 —T(1)) = Ca(r)

Denise Schmutz (University of Vienna) 3D Motion Reconstruction from Projection Data



Motion Estimation

Reduced attenuation map

@ From Lemma 1
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Motion Estimation

Reduced attenuation map

@ From Lemma 1

Fol T[T, R)) = V2 Fa[u](R(1)PTk) & (ROF kC) githF (1) =C))

From Proposition 1

P(C3 —T(1)) = Ca(r)

Easy to get rid of the dependence on T’

We define the reduced attenuation map corresponding to u as
J:RxR =R
(t,k) = P T[T, R])(t, k) )

J only depends on R

Denise Schmutz (University of Vienna) 3D Motion Reconstruction from Projection Data
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Motion Estimation

Symmetry property of reduced attenuation map

Lemma 2

Letu € C.(R* R) and let J be the corresponding reduced attenuation map. Then, for
arbitrary R € C(RR;SO(3)) the following identity holds

7 (s, %P(@ . (R(s)TR(t)es))> .y (r, si_tp(e3 . (R(t)TR(s)e3))>

forall A\ € Rands,t € Rwiths # t.
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~ A
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Motion Estimation

Some notation

@ Angular velocity w
» Corresponding to R € C'(IR; SO(3)) defined via

R(OTR (Nx =w(f) x x forall xeR?
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Some notation

@ Angular velocity w
» Corresponding to R € C'(IR; SO(3)) defined via
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Motion Estimation

Some notation

@ Angular velocity w
» Corresponding to R € C'(IR; SO(3)) defined via

R(OTR (Nx =w(f) x x forall xeR?
> In cylindrical coordinates

= | a(t)sin(p(1))
ws (1)

ol o) cos(p(1)
ot = (“0019)

> Weset vh(r) = (—va (), v1(0)7
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Motion Estimation

Some notation

@ Angular velocity w
» Corresponding to R € C'(IR; SO(3)) defined via

R(OTR (Nx =w(f) x x forall xeR?
> In cylindrical coordinates

= | a(t)sin(p(1))
ws (1)

ol o) cos(p(1)
ot = (“0019)

> We set vi(r) = (—va (), v (£)T
@ Tensor derivative notation
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Motion Estimation

Some notation

@ Angular velocity w
» Corresponding to R € C'(IR; SO(3)) defined via

R(OTR (Nx =w(f) x x forall xeR?
> In cylindrical coordinates

(1) sin(p(r))
ws (1)

ol o) cos(p(1)
o = (“O010) -

> We set vi(r) = (—va (), v (£)T
@ Tensor derivative notation
> Considerf : R x R?> — C, (t,k) — f(t,k)
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Motion Estimation

Some notation

@ Angular velocity w
» Corresponding to R € C'(IR; SO(3)) defined via

R(OTR (Nx =w(f) x x forall xeR?
> In cylindrical coordinates

(1) sin(p(r))
ws (1)

oy o) cos(p(1)
o = (“O010) -

> Weset v (1) = (—va(r), v (1)"
@ Tensor derivative notation
> Considerf : R x R?> — C, (t,k) — f(t,k)
» Derivative of order i of the function f with respect to & for fixed ¢ at a point & € R?
D[f](t,x) : RZ x R?---R? = C
—_———

i times
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Motion Estimation

Some notation

@ Angular velocity w
» Corresponding to R € C'(IR; SO(3)) defined via

R(OTR (Nx =w(f) x x forall xeR?
> In cylindrical coordinates

(1) sin(p(r))
ws (1)

oy o) cos(p(1)
o = (“O010) -

> We set vi(r) = (—va (), v (£)T
@ Tensor derivative notation
> Considerf : R x R?> — C, (t,k) — f(t,k)
» Derivative of order i of the function f with respect to & for fixed ¢ at a point & € R?
Df](r,k) : RZx R*---R? = C
—_———
i times
» Evaluation of the tensor )
Dl[f](tv K/)llhlrh% R hl]
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Motion Estimation

Some notation

@ Angular velocity w
» Corresponding to R € C'(IR; SO(3)) defined via

R(OTR (Nx =w(f) x x forall xeR?

> In cylindrical coordinates

> Weset v (1) = (—va(1), vi(1)"
@ Tensor derivative notation
> Considerf : R x R?> — C, (t,k) — f(t,k)
» Derivative of order i of the function f with respect to & for fixed ¢ at a point & € R?

D[f](t,x) : RZ x R?---R? = C
» Evaluation of the tensor )
D{f)(t, &) [h, o, -+ 5 il
» Fori=1landg: R — R2, ¢+ (g1(¢),2(1))7 this is for example
D'[f)(r, g()['] = (Vilf1(t, 8(1)). 8" (1))

Denise Schmutz (University of Vienna) 3D Motion Reconstruction from Projection Data



Motion Estimation

Reconstruction of the cylindrical component v and the height w3

Proposition 2

Letu € C, (]R3 ;R) and J be the corresponding reduced attenuation map. Moreover, let
R € C*(R;S0(3)) and w € C'(R; R?) the associated angular velocity. Then, for all s € R
satisfying c(s) # 0 and all i € R the following relation holds:

BT (s, u(s)) = wr()D'[F](s, () [ (5)]-
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Motion Estimation

Reconstruction of the cylindrical component v and the height w3

Proposition 2

Letu € C, (]R3 ;R) and J be the corresponding reduced attenuation map. Moreover, let
R € C*(R;S0(3)) and w € C'(R; R?) the associated angular velocity. Then, for all s € R
satisfying c(s) # 0 and all i € R the following relation holds:

BT (s, u(s)) = wr()D'[F](s, () [ (5)]-

Proof sketch
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Motion Estimation

Reconstruction of the cylindrical component v and the height w3

Proposition 2

Letu € CC(IR3 ;R) and J be the corresponding reduced attenuation map. Moreover, let
R € C*(R;SO(3)) and w € C'(R; R?) the associated angular velocity. Then, for all s € R
satisfying a(s) # 0 and all p € R the following relation holds:

0T (s, uv(s)) = ws(s)D' [T (s, pv(s)) [ (5)]-

Proof sketch
@ Use symmetry property of reduced attenuation map

J (s, - i —P(es (R(S)TR(t)e3))) =J (z, ﬁP(eg x (R(t)TR(s)eg)))

Denise Schmutz (University of Vienna) 3D Motion Reconstruction from Projection Data



Motion Estimation

Reconstruction of the cylindrical component v and the height w3

Proposition 2

Letu € Cc(]R3 ;R) and j be the corresponding reduced attenuation map. Moreover, let
R € C*(R;SO(3)) and w € C'(R;R?) the associated angular velocity. Then, for all s € R
satisfying o(s) # 0 and all . € R the following relation holds:

0T (s, uv(s)) = ws(s)D' [T (s, ov(s)) [y (5)]-

Proof sketch
o Use symmetry property of reduced attenuation map

J (s, ﬁp(a x (R(s)TR(t)eg))> =J (z, &P(eg x (R(t)TR(s)eg)))
o Insert the first order Taylor polynomials

iP(e@ x (R(s)"R(1)es)) = ao(s) + a1 (s)(t — s) + o(t —s) and

iP(e@ x (R()"R(s)es)) = bo(s) + b1 (s)(t — s) + o(t — 5)

Denise Schmutz (University of Vienna) 3D Motion Reconstruction from Projection Data



Motion Estimation

Reconstruction of the cylindrical component v and the height w3

Proposition 2

Letu € C, (]R3 ;R) and J be the corresponding reduced attenuation map. Moreover, let
R € C*(R;SO(3)) and w € C'(R; R?) the associated angular velocity. Then, for all s € R
satisfying c(s) # 0 and all i € R the following relation holds:

8T (s, 1v(s)) = w3 (s)D' [T (s, wv(s) [ (5)]-

Proof sketch
o Use symmetry property of reduced attenuation map

7 (s, t 2 P(es x (R(S)TR(t)eg))> .y (z, %P(@ x (R(t)TR(s)eg)))

o Insert the first order Taylor polynomials

iP(e_g x (R(s)"R(1)e3)) = ao(s) + ai(s)(t — s) + o(t —s) and

iP(e_g X (R(I)TR(S)€3)) =bo(s) + bi(s)(t —s) + ot — s)
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Motion Estimation

Reconstruction of the cylindrical component v and the height w3

Proposition 2

Letu € Cc(]R3 ;R) and j be the corresponding reduced attenuation map. Moreover, let
R € C*(R;SO(3)) and w € C'(R; R?) the associated angular velocity. Then, for all s € R
satisfying o(s) # 0 and all . € R the following relation holds:

0T (s, uv(s)) = ws(5)D' [T](s, ov(s)) [y (5)]-

Proof sketch
o Use symmetry property of reduced attenuation map

7 (s, ﬁp(q x (R(S)TR(t)eg))> .y (z, &P(@ x (R(t)TR(s)eg)))

@ Insert the first order Taylor polynomials
(s)a(s)v (s) + ((s)v(s)’
2
—ws(s)als)vr (s) 4+ (als)v(s))’
2

L Pes x (R RWes)) = als)v(s) + 2 (=) + ol —5)

iP(e@ x (R()TR(s)es)) = a(s)v(s) + (t—s)+o(t—ys)

Denise Schmutz (University of Vienna) 3D Motion Reconstruction from Projection Data



Motion Estimation

Reconstruction of the cylindrical component v and the height w3

Proposition 2

Letu € C.(R*R) and J be the corresponding reduced attenuation map. Moreover, let
R € C*(R;SO(3)) and w € C'(R; R?) the associated angular velocity. Then, for all s € R
satisfying c(s) # 0 and all p € R the following relation holds:

0T (s, uv(s)) = ws(s)D' [T (s, v(s)) [y (5)]-

Proof sketch
@ Use symmetry property of reduced attenuation map

J (s, tisp(“ x (R(s)TR(t)eg))> =J (u ﬁP(q x (R(t)TR(s)e3))>

o Insert the first order Taylor polynomials
wi(s)a(s)vr(s) + (als)v(s))’
2
—ws(s)a(s)v (s) + (als)v(s

2

ﬁP(q x (R(s)"R(1)es)) = a(s)v(s) + (t—s)+o(t—y5)

) (t—s)+o(t—y5)

iP(q x (R()"R(s)es)) = a(s)v(s) +

o Differentiate with respect to ¢ at the position t = s

Denise Schmutz (University of Vienna) 3D Motion Reconstruction from Projection Data



Motion Estimation

Reconstruction of the cylindrical component v and the height w3

Proposition 2

Letu € CC(IR3 ;R) and J be the corresponding reduced attenuation map. Moreover, let
R € C*(R;SO(3)) and w € C'(R; R?) the associated angular velocity. Then, for all s € R
satisfying a(s) # 0 and all p € R the following relation holds:

0T (s, (s)) = ws(s)D' [T (s, pv(s)) [ (5)]-

Proof sketch
o Use symmetry property of reduced attenuation map

J (s, t 2 Ples x (R(S)TR(t)eg))> .y (z, &P(@ x (R(t)TR(s)eg)))

o Insert the first order Taylor polynomials

@A)+ @) (o

iP(e@ x (R(s)"R(t)es)) = a(s)v(s) +

2
o L ()
e x (ROTRG)en)) = a(o)s(s) + L OAPTOELONOT gy 4y
e Differentiate with respect to ¢ at the position t = s
@ Choose for an s € R with a(s) # 0 the parameter A = % O

Denise Schmutz (University of Vienna) 3D Motion Reconstruction from Projection Data



Motion Estimation

Reconstruction of the cylindrical component v and the height w3

Proposition 2

Letu € C. (]R3 ; ]R) and j be the corresponding reduced attenuation map. Moreover, let
R € C*(R;SO(3)) and w € C'(R; R?) the associated angular velocity. Then, for all s € R
satisfying a(s) # 0 and all i € R the following relation holds:

0.7 (s, u(s)) = ws(s)D' [T](s, ov(s)) [y (5)]-

How to reconstruct

o Consider function

0.7 (5,1(5))
D[] (s, () [ (9)]

T
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Motion Estimation

Reconstruction of the cylindrical component v and the height w3

Proposition 2

Letu € C. (]R3 ; ]R) and j be the corresponding reduced attenuation map. Moreover, let
R € C*(R;SO(3)) and w € C'(R; R?) the associated angular velocity. Then, for all s € R
satisfying a(s) # 0 and all i € R the following relation holds:

0.7 (s, u(s)) = ws(s)D' [T](s, ov(s)) [y (5)]-

How to reconstruct

o Consider function

0.7 (5,1(5))
D[] (s, () [ (9)]

T
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Motion Estimation

Reconstruction of the cylindrical component v and the height w3

Proposition 2

Letu € C. (]R3 ; ]R) and j be the corresponding reduced attenuation map. Moreover, let
R € C*(R;SO(3)) and w € C'(R; R?) the associated angular velocity. Then, for all s € R
satisfying a(s) # 0 and all i € R the following relation holds:

0.7 (s, u(s)) = ws(s)D' [T](s, ov(s)) [y (5)]-

How to reconstruct

o Consider function

0.7 (5,1(5))
D[] (s, () [ (9)]

T

@ Look for a vector v(s) € S' such that this function is constant
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Motion Estimation

Reconstruction of the cylindrical component v and the height w3

Proposition 2

Letu € C. (]R3 ; ]R) and j be the corresponding reduced attenuation map. Moreover, let
R € C*(R;SO(3)) and w € C'(R; R?) the associated angular velocity. Then, for all s € R
satisfying a(s) # 0 and all i € R the following relation holds:

0.7 (s, u(s)) = ws(s)D' [T](s, ov(s)) [y (5)]-

How to reconstruct

o Consider function

0T (s, (s))
D'(F)(s, () [ ()]

T

@ Look for a vector v(s) € S' such that this function is constant

@ The value of this constant function will then be w3 (s)

Denise Schmutz (University of Vienna) 3D Motion Reconstruction from Projection Data



LT B ERIEN  Reconstruction of the rotation

Reconstruction of the cylindrical radius o

Proposition 3

Letu € C.(R* R), J be the reduced attenuation mapping of a rigid motion of u. Let further
R € C'(R;S0(3)), t € R and w € C*(R; R?) be the angular velocity corresponding to R and
let a(t) = ¢'(t). Then, for all t € R such that a(t) # 0 and o(t) # —ws(t), we have

Ao(p) + Aoz (p)e(t)’ +A1(u)uil((tt)) =0 forall peR (*)

where
Ao(p) = iu(ws +0) [1Pws(ws = DD [F)s, w) v, v
+ 2uD?[ T (s, pv) [V, wiov — wng‘]] +2D'[F] (s, pv) [[wng‘ + wjv]
— uBws — 0)OD*[F)(s, ) [vE, v ] + 28,D' [ F] (s, p,v)[[vJ']]] ,
A() = 3ples + o) T](s, ],

A1) = 31+ 0) [ ()5, ) 4] = aD' (1G5, )] = D' [T, i) 1]

Denise Schmutz (University of Vienna) 3D Motion Reconstruction from Projection Data Modern Challenges in Imaging 18727



Motion Estimation

Reconstruction of the cylindrical radius «

Proposition 3

Letu € C.(R*R), J be the reduced attenuation mapping of a rigid motion of u. Let further
R € C*(R;S0(3)), t € R and w € C*(R; R?) be the angular velocity corresponding to R and
let o(t) = ¢'(t). Then, for all t € R such that o(t) # 0 and o (t) # —ws(t), we have

Ao(s) + An()a(r) +A1(u)u% —0 forall peR *)

How to reconstruct

Denise Schmutz (University of Vienna) 3D Motion Reconstruction from Projection Data



Motion Estimation

Reconstruction of the cylindrical radius «

Proposition 3

Letu € C.(R*R), J be the reduced attenuation mapping of a rigid motion of u. Let further
R € C*(R;S0(3)), t € R and w € C*(R; R?) be the angular velocity corresponding to R and
let o(t) = ¢'(t). Then, for all t € R such that o(t) # 0 and o (t) # —ws(t), we have

Ao(s) + An()a(r) +A1(u)u% —0 forall peR *)

How to reconstruct
(1)

a(r

o Consider () as an overdetermined linear system for o (f) and

Denise Schmutz (University of Vienna) 3D Motion Reconstruction from Projection Data



Motion Estimation

Uniqueness considerations

@ Similar non-uniqueness issue as in Cryo-EM

Lamberg “Unique recovery of unknown projection ori ions in th i i 2008
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Motion Estimation

Uniqueness considerations

@ Similar non-uniqueness issue as in Cryo-EM
@ Reconstruction only possible up to an orthogonal transformation

Lamberg “Unique recovery of unknown projection ori ions in th i i 2008
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Motion Estimation

Uniqueness considerations

@ Similar non-uniqueness issue as in Cryo-EM
@ Reconstruction only possible up to an orthogonal transformation

@ Reflection of attenuation coefficient u in the x;x;-plane through the origin leads to the
same attenuation projection data

Lamberg “Unique recovery of unknown projection ori ions in th i i 2008




Motion Estimation

Uniqueness considerations

@ Similar non-uniqueness issue as in Cryo-EM
@ Reconstruction only possible up to an orthogonal transformation

@ Reflection of attenuation coefficient u in the x;x;-plane through the origin leads to the
same attenuation projection data

@ Two solutions v(¢) and ¥(r) = —v(z) of

0T (s, uv(s)) = ws($)D' [T (s, pv()) [ (5)]-

Lamberg “Unique recovery of unknown projection ori ions in th i i 2008




Motion Estimation

Uniqueness considerations

@ Similar non-uniqueness issue as in Cryo-EM
@ Reconstruction only possible up to an orthogonal transformation

@ Reflection of attenuation coefficient u in the x;x;-plane through the origin leads to the
same attenuation projection data
@ Two solutions v(¢) and ¥(r) = —v(z) of
= 11 5 1
T (5, pv(s)) = ws(s)D" [T (s, pv(s)) [wv™ (5)]-
@ Two solutions w(#) and w(r)
@ When the object is moved with respect to w and the reflected object with respect to @, we
get exactly the same attenuation projection data
Lamberg “Unique recovery of unknown projection ori ions in th i i ” 2008
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Motion Estimation

Uniqueness considerations

@ Similar non-uniqueness issue as in Cryo-EM
@ Reconstruction only possible up to an orthogonal transformation

@ Reflection of attenuation coefficient u in the x;x;-plane through the origin leads to the
same attenuation projection data

@ Two solutions v(¢) and ¥(r) = —v(z) of

0T (s, uv(s)) = ws($)D' [T (s, pv()) [ (5)]-

@ Two solutions w(#) and w(r)

@ When the object is moved with respect to w and the reflected object with respect to @, we
get exactly the same attenuation projection data

oo

Lamberg “Unique recovery of unknown projection ori ions in th i i 2008
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Denise Schmutz (University of Vienna)



Numerics

Simulations
e For the points Py = (1,1, —1), P, = (—3,1,1), Ps = (0,—1, 1) and the diagonal matrix
D = diag(v/2, 1, 1) we consider as an example the attenuation coefficient

3
u(x) = H |x — P e_%lm‘2

i=1
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Numerics

Simulations

e For the points Py = (1,1, —1), P, = (—3,1,1), Ps = (0,—1, 1) and the diagonal matrix
D = diag(v/2, 1, 1) we consider as an example the attenuation coefficient

3

u(x) = H |x — Py efélm‘2

i=1




Numerics

Simulations

e For the points Py = (1,1, —1), P, = (—3,1,1), Ps = (0,—1, 1) and the diagonal matrix

D = diag(v/2, 1, 1) we consider as an example the attenuation coefficient

3
2
u(x) = [ v — Pife512
i=1

]
Is
1
s
{
J-o

cos(6r) cos(12¢) a(r) cos(p(r))
T(r) = [ cos(67) sin(127) | and w(r) = | «(r) sin(¢(1))
sin(r) w3 (1)

with
a(t) = 1+107, (1) =mt+ %, andws(t) = § + /1 + 5¢.

Denise Schmutz (University of Vienna) 3D Motion Reconstruction from Projection Data



Numerics

Simulations
e For the points Py = (1,1, —1), P, = (—3,1,1), Ps = (0,—1, 1) and the diagonal matrix
D = diag(v/2, 1, 1) we consider as an example the attenuation coefficient

3
u(x) = T bx = Pifre s
i=1

@ Motion
cos(6t) cos(12r) a(t) cos(p(1))
T(t) = | cos(6t)sin(12¢) | and w(t) = | a(t) sin(e(1))
sin(f) ws(7)
with

a(t) =1+107, p(t) =7t + %, andws(r) = § + /1 +5t.

e Discretisation in space
(1,j2,J3)0x, j € {—512,...,511}* x {=256,...,255} with §, = 0.05

and in time
26, £ €40,...,999} for 6, = 0.0005.

Denise Schmutz (University of Vienna) 3D Motion Reconstruction from Projection Data



Numerics

Reconstruction procedure I

@ Calculate the center of the attenuation projection images and read off the first two
components of the displacement 7'(¢) via

P(T(1)) = C2(0) — C2(2)

chmutz (University of 2 3D Motion Reconstruction from Projection Data



Numerics

Reconstruction procedure I

@ Calculate the center of the attenuation projection images and read off the first two
components of the displacement 7'(¢) via

P(T(1)) = C2(0) — C2(2)

chmutz (University of 2 3D Motion Reconstruction from Projection Data



Numerics

Reconstruction procedure 11

o Consider least square minimisation problem for the function
(s (cos(e () Uiy () s (0@ [ (— sin(e()) 12
87 (1ise (Sa(260)) ) = wrom' @ (rise (S2260) ) e (Lo | }

to get third component w3 () as function of the yet unknown angular value

511

@3(p() = ar%;;nn {j=§12

3D Motion Reconstruction from Proj



Numerics

Reconstruction procedure 11

o Consider least square minimisation problem for the function

511
&3(¢(1)) = argmin { >
w3 j=—512

a9 (v (SHER)) = st n (e (S2620) e (271}

to get third component wj3(7) as function of the yet unknown angular value
@ To obtain the angular function ¢(r), we minimise the function

o e f (fsom' (s (552680)) bos (L +e)
o (nise (552(20) ) = @3 o' 01 (v (55220 [ (22N I[ }

on [0, 7) with some tiny € > 0. The minimiser gives us ¢(#) and thus w3 (r) = @3(p(1)).

X

3D Motion Reconstruction from Projection Data



Numerics

Reconstruction procedure 11

@ Consider least square minimisation problem for the function

511

3 [0 (o (2E23) —noom'n (e (262600 e (L) )

D3((1) = ar%}min{
3 j=—512

to get third component wj3(7) as function of the yet unknown angular value
@ To obtain the angular function ¢ (), we minimise the function

e oo (Jmeomto (s (5260)) bos (Cas) I + <)

o e (525)) - o' (e (5263) B ()T )

on [0, 7) with some tiny € > 0. The minimiser gives us ¢(#) and thus w3 (r) = ©3(¢(1)).

—1

3D Motion Reconstruction from Projection Data



Numerics

Reconstruction procedure 11

o Consider least square minimisation problem for the function
o (i () = v o (52EED)) b (2T )

to get third component wj3(7) as function of the yet unknown angular value

511
@3(p(1) = ar%)r;nn{ Z

j=—512

@ To obtain the angular function ¢ (), we minimise the function
o= e ony (om0 (om (268 e ()1 + )
o (e (58)) - xom'm (o (5268))) b (L2}

on [0, 7) with some tiny € > 0. The minimiser gives us ¢(#) and thus w3 (r) = ©3(¢(1)).

—1

2517 22 1%

0.1 0.2 0.3 0.4 0.1 0.2 0.3 0.4
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Numerics

Reconstruction procedure 111

@ To obtain the cylindrical radius «, we consider

/
t
Ao(p) + Ao (p)u(t)? +A1(“)“2T(z)) =0 forall peR
as overdetermined linear system (one equation for each value
€ {joy | j € {=512,...,511}}) for o*(r) and a((tt) , where the coefficients can be
explicitly calculated with the values of ¢ and w3 obtained so far.

Denise Schmutz (University of Vienna) 3D Motion Reconstruction from Projection Data



Numerics

Reconstruction procedure 111

@ To obtain the cylindrical radius «, we consider

/
t
Ao(p) + Ao (p)u(t)? +A1(,u)uzT(t)) =0 forall peR
as overdetermined linear system (one equation for each value
€ {joy | j € {=512,...,511}}) for o*(r) and a((tt) , where the coefficients can be
explicitly calculated with the values of ¢ and w3 obtained so far.

t

0.1 0.2 0.3 0.4
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Numerics

Errors

Absolute errors in the reconstructions of ¢ (the crosses), ws (the triangles) and « (the squares).

f B o

ot
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Numerics

Conclusion and outlook

@ First step into the direction of tomographic reconstruction of optically and/or acoustically
trapped particles
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Numerics

Conclusion and outlook

@ First step into the direction of tomographic reconstruction of optically and/or acoustically
trapped particles

@ We demonstrated—by explicit reconstruction—how the motional parameters can be
recovered
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Numerics

Conclusion and outlook

@ First step into the direction of tomographic reconstruction of optically and/or acoustically
trapped particles

@ We demonstrated—by explicit reconstruction—how the motional parameters can be
recovered

@ More uniqueness studies are on the way!

3D Motion Reconstruction from Proj



Numerics

Conclusion and outlook

@ First step into the direction of tomographic reconstruction of optically and/or acoustically
trapped particles

@ We demonstrated—by explicit reconstruction—how the motional parameters can be
recovered

@ More uniqueness studies are on the way!

@ Proposed motion estimation will be tested on video data acquired from biological samples
(regularisation?)
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Numerics

Conclusion and outlook

@ First step into the direction of tomographic reconstruction of optically and/or acoustically
trapped particles

@ We demonstrated—by explicit reconstruction—how the motional parameters can be
recovered

@ More uniqueness studies are on the way!

@ Proposed motion estimation will be tested on video data acquired from biological samples
(regularisation?)

@ Study corrections or alternative approaches required when going from attenuation
projection images to optical images
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